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ELASTIC AND PLASTIC BUCKLING OF SIMPLY SUPPORTED SOLID-CORE SANDWICH PLATES
IN COMPRESS1ON

By PAm SEIDE and WBRIDGE Z. STOWEL~

SUMMARY

A solution. ti presented for the problem of the cornprewit~e
buckling of simply supported, jlat, rectangwla~, solid-core sand-
un”chp[ate~ Wrewd either in the elastic range or in the plastic
range. Charts for the analysis of long sandwich plates are
presented for plates having face matem”a.lsof 2&’-T3 aluminum

: alloy, 75S-T6 Alclad aluminum alloy, and ~tai:nlees steel.
A comparison of computed and experimental buckling stre.ssea

of square solid-core sandw”ch plates indicates fair agreement
between theory and experiment.

L%’PRODUCTION

The necessary condition that the wing surfaces of modern
high-speecI aircraft.remain smooth under high IoacIshas lecI
to the use of the sandtich pIate as a substitute for sheet.-
stringer construction. Sandwich plates consist of two thin
sheets of metal separated by a lowdensity, low-stiffness core
which, though contributing IMe to the stre@h of the pIate,
serves to increase tremendously the flexural stiffness of the
Ioad-carr.ying faces. The increase in fle.sural stiffness is
somewhat offset, however, by deflections clue to shear which
become appreciable because of the low stiflness of the core.

Several papers, which extend orclinary plate theory to
take into account deflections due to, shea.rj ha-re appearecI
reeentIy in this country. The extension is made a.ppro.si-
mateIy in reference 1 by means of the assumption that, any
Linein the core that is init.ialIystraight and normal to the
middle surface of the core wilI remain straight after deforma-
tion but will detiate from the normal to the deformed middle
surface by an amount that is proportional to the sIope of
the pIate surface, the proportionalityy factor be~~ the same
throughout the plate. The theory is used to obtain approxi-
mate criterions for the compressive buckling of plates with
-i-arious edge-support conditions. The criterions are cor-
rected for the effects of plasticity by replacing the Your&s
modulus of the face material everywhere it appears in the
buckling formulas by a reduced modulus, this method of
correction being partly just,ifieclby the consideration of its
theoretical effectiveness in connection -with the plastic
buckling of simpIy supported sandwich columns. Reference 2
presents a smaIIdefIect,ion theory for elastic bending and
buclding of orthotropic sandwich plates which considers
shear deformations in a more refineclmanner. Reference 3

presents a largedefiection amdysia of elastic isotropic
sandwich plates a.ncIrecIucesthe equations to smalI-deflection
form to solve the probIem of the compressive buckling of
siinp]y supported sandtich p~ates. The theories of refer-
ences 2 ancI 3 can be show-nto reduce to that of reference I
in the case of the problem of the compressive buckhng of
simpIy supported pIates.

In the present report the theory of reference 2 is applied
to the probkn of the compressive buclding, of simpIy sup-
ported solid-core sanclwich plates. The particular sandtich
considered (fig. 1) is one for which face-parallel stresse5 in
the core may be neglected so that all the applied load is
carried by the faces. Furthermore, the faces are assumed to
be very thin comparecl =w-iththe core. The stability criterion
obtainecl is simiIar to those given in references 1 and 3. The
theory is ako extended to the plastic range in much the same
manner as was done in reference 4 for solid plates and is
used to determine the pIastic compressive buckling stress of
simpIy supportecI solid-core sandwich pIates. Charts for
the analysis of Iong sandwich plates stressed in the elastic
range or in the pIastic range are presented for plates having
face materiak of 24S=T3 aluminum alloy, 75S-T6 Alclad
ahuninmn alloy, and stainlesssteel.

The theory is checked by a comparison of computed and
experimental results for square sandwich plates with 24S-T
Alclad aluminum-alloy faces and end-grain balsa cores.
The experimental results were o.bta.inedfrom reference 5.
Fair agreement is found between theory and experiment..
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SYMBOLS

X,y coordinate axes (fig. 1)
Ef Young’s modulus for face material
Es secant modulus for face material
ET tangent modulus for face material

+=3 —
#/ Poisson’s ratio for face material
t?, shear moduhs of core material
tf face thickness
h. core thickness
D flexural stiffness per unit width of sandwich

B
(E/tj(Lc+~Jplate

2(1–/Jf2) )
flexural sttiness per unit width of samdwi~h

~eam E/t~(h,+-tf)’
( 2 )

plate length -
; plate width
P [ plate aspect ratio (a/6)
rl~~, buclding stress

k
()

2b2rrC,t~elastic-buckling-stress coefficient —
vr2D

k’ elastic-buckling-stress

‘ (:%9
W=T

kPl plastic-buckling-stress

k’vl plastic-buckling-stress

1(:b%)#f=2

r core shear-stiffness

()
U2D

plate b2~=h,—.

8 cure shear-stiffness

()
vr2B

cO1um b2@ChC

coefficient based upon’

()2b2r&.
coefficient tiD
coefficient based upon

parameter for sandwich

parameter for ~sandwich

m number of ‘half-}vaves in buckled plate deflec-
tion surface-in direction of loading

RESULTSANDDISCUSSION

Compressive buclchng formulas for simpIy supported flat
rectanguk soIid-core sudwich pIates are derived in the
a,ppenclixesfor buckling in either the eIastic range or in the
plastic range. The equation for compressive buckling in
the rdastic range is obtained in appendix A by use of the
theory deveIoped in reference 2. The theory is modified ~
appendix B to obtain the equation for compressive buckling
in the pIastic range.

.

EIastic range.—For finite pIates the buckhg-stress
coefficient is given by equation (A7) of appendiYA as foIIows:

(1)

Consecutive integraI va.Iuesof m me substituted into equa-
tion (1) until a minimum value of the buckling coefficient is
obtained for given values of p and r, For infinite plates the
coefficient reduces to

When the core shear stiflness is infinite (r= O), equations (])
and (2) reduce to the well-known buckIing critcrions for ,
isotropic plates with deflections clue to shear ncglcctc.d.

Equations (1) to (3) are presented graphically in figures 2
and 3. Figure 2 shows that the effect of finite. core shcm
sti.flnessis not only to decrease the buckling stress but. ako
to increase the number of half-waves in the buckkcl plate.
If the core shear-stiffness parameter is equal to or less than
1.0, the wave length of buckle becomes infinite.Iysmall, in
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which case the restraint to budding offered by the side
supports has no effect. The buckling-stress coefficient is
then independent. of the pIate aspect ratio # and is deter-
mined by t-heshear strength of the core.

Plastic range.—When the buckling stress is in the pIastic
range the bucldi.ng coefficients are given by the appropriate
one of equations (BIO) to (B13) of appendk B. Since the
buckIing coefficient is gi~en by these equations as a function
of the buckling stress, a.graphical method must be used to
analyze a given pkte. The budding
equations @10) to (B13) is clefiued as

Equation (4) can be rea.rrimgedto give

tiB 3 u~~
“ ~=% k’pz

coefficient gi-ren by

(4)

(5)

tiB .
— ISnow given in t~rms of the buckling stress, the

‘0 ‘at b%.

shear-st~ness parameter &) and the plate aspect ratio 19,
cc

all of which are contained in k’zl. For a given ~~ue of p>
$~

curves of ~ against buckling stress can be plotted for,. -,

~. Thenvarious values of the shear-stifhess pararne~er z
cc

?&3 #B
for a given pIate, ~ and —

b2GLhc
are defined by the pIate

dimensions and material properties and the buclding stress
may then be obtained from the appropriate curve.
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4

stressedin the ektfc range. k= —
ti+r):

far rSI; k=+ for r>l.

Since equations (B1O) to (B13) are did or.dy for pIates
with a Poisson’s ratio of %, the buWng stresses “computed
by the foregoing method from those equations are in error
for pIat.eshaving other Poisson’s ratios and must be corrected.
The correction process used in the present. report is the
following For a given pIate, the pIastic buckling stressbased
on a Poisson’s ratio of % is computed by the foregoing
method. The buckling stress for a perfectIy elastic plate is
sIso computed by using the appropriate one of equations
(B14) to ~161 which are aIso based upon a Poisson’s ratio.,. ,

of ~. It is assumed that for given values of ~ and &

the ratio of the plastic ancl ektic stresses is kdependent
of Poisson’s ratio. Then for any other value of Poisson’s
ratio the corrected buckling stress is given by:

rCr=qXElastic buckling stress for actual value of ,ur

(6)

where q is the ratio of the plastic and elastic buckling stresses

computed on the basis of pf=~ and k is determined from

equations (1) to (3) for finite plates as .

(7)

and for infinitely long pIates as

Curves of ~ against t-he corrected buckling stress for

#B

‘Wiom ‘a”lu= ‘f b2Gchc‘nay ‘ow be‘am” ‘Merenfi‘e&
of curves are obtained for clifferent values of Pfi

Charts for the analysis of infinitely long sandwich plates
were constructed by the foregoing method for face materials
of 24S-T3 a.h.mi.numWoy, Aklad 75*T6 aluminum alloy,
and stainlesssteel and are presented, together tith the typical

●
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FIiWIIE 4.—Charts for long solid-coresandwich plates with ?AS-T3 aluminum-alloy faW. IJI=-&

stress-strain curves”on which they axe based, as figures 4, 5,
and 6, respectively. In each case I.Lf.was taken as %. Since
the equations used do not depend on the stress-strain curve
itself but upon its shape as given by the curves of Es/EJ and

E~/EJas functions of stress (figs. 4(b), 5(b), and 6(b)), solid-
core sandwich plates having faces of etnymaterial for }vhich
curves of Es/EJ and ET/Ej against stress are simihr to those
used may be analyzed by means of the corresponding chart.

The charts of figures 4, 5, and 6 for in.@itely Iong sand-
wich pIates may be used with little error for finite plates,
the aspect ratios of which are greater than 3. An extension
of the curves of figure 2 would indicate that in this range of
aspect ratio the buckling coefficient is essentially given by
that for the infinitely long pIate, especially if the core shear
stiffness is Iow,

Comparison of theory and experiment.—An experimental
check of the equations derived in this report for the compres-
sive buckIing of simply supported solid-core sandwich pIates
was obtained by a comparison of computed and experimental
buckling stresses of square plates having 24S-’I’ AlclacI
ahminum-alloy faces and end-grain-balsa. cores of various
thicknesses (fig. 7). The experimental results were obtained
from reference 5.

The computations involved in the ‘determination of the
theoretical stresses were shcutened by using the typical
stress-strain curve of figure 4(b) for 24S-T3 aluminum

Sti-a/n

, (b) Typical stress-strainrelationsfor 24S-T3aluminum alloy.
FIIWRE 4.—Conefudod.

alloy instead of the stress-straincurves presented in rcfercnco
5 for 24S-T Alclad aluminum-aIIoy sheet of various thick-
nesses. The stress-strain curve used is approximately the .
averbge -of the actuaI stress-straincurves.

As indicated by figure 7 the agreement between computed
and experimental stressesis fair, the computed st.resscsbeing
on” the average 8 percent higher than the experimentttl
stresses. In individual cases, however, the deviation is as
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FIGURE5.—Charts for long did-core sandwich pIates with 75S-T6 AIclad alumimrrn-rdloyfaces ~f -+
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high as 25 percent on the unconservati~e side. b iu~esti-
gation of the experimental data reveak that some of this
deviation can be traced to a scattering of the experimental
buckling stresses for pIates having essentially the same di-
mensions. Some error is sdso involved in the computation
of the buckling stresses with the use of an average stress-
st-raincurve for the face material.

The theoretical buckling stresses obtained by using the
resuIts of the present report agree reasonably welI with the
theoretical resuhs obtained in reference 5 by using the stabil-
ity equation of reference 1. Differences in these theoretical
results arise mainly because t-he,flexuml st.iflnessesused in
the present report. m-e theoretical, -whereas those usecI in
reference 5 -wereobtained e.xperimenta.l.ly.

LAXGLEY kEILONAUTICAL LABORATORY,

NTATIONAL ilDVISORY C!OMmTEE FOR AERONAUTICS,
T A WfiTw Am. ~oRcI? BASE, ~’A., December 29, 1948.
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APP~TDIX A

DERIVA’HONOF COMPRESSIVEBUCKLINGEQUATIONI?ORS1%lPLyS~PORTED SOLID-CORESAN’D~lCHpLA~ESSTRESSED.
Ix THEELASTICRAN’GE

The compressive budding criterion for simply supported
solid-core sandwich plates (fig. 1) stressed in the elastic
range may be derivecl by means of equations (5a) to (6c) of
reference 2. In the equations seven physical constants of
sandwich pIa.tes(two Poisson’s ratios, two flexu.d stifhwsses,
a twisting stif%ness,and two shear stiffnesses) must be speci-
fied. In order to determine the physicaI constants, the
follotig assumptions me made in the present report:

1. The faces and core are isotropic.
2. I?ace-parallel stresses in the core may be neglected so

that the applied Ioads are carried only by the faces.
3. Trerticalshear forces are carried only by the core and

are distributed uniformly across the thickness of the core.
4. The faces are assumed to be very thin compared to

the core so that. the variation of face-parallel stresses across
the thickness of the faces may be neglected.

under these assumptions the physical constants of solid-
core sanchvich plates are

p.= &.= Pf
lr,tf(hc+tfy

Dz=Du=(l+pf)Dw= ~ (Al)

Equations (5aJ to (6c) of reference 2 may then be written

(~~a)

(A2b)

(A2C)

(A~d)

(A2e)

(AX)

where W,rilfy, .?& are the bending and twisting moments$
(?=,(1 are the shear forces, and w is the middle~urface defiec-
t.ion at. the point (x,y) in the sandwich plate. Equations
(A2) constitute t.he’.six fundament-aI ditTerentiaIequations
for e~stic bucfig of solid-core sandwich pIates.

An equation in terms of the middle-surface deflection w
alone em” be obtained. Substitution of the expressions for—

31., 31,, and .J1=Vgiven in ec~ua-tions(A2a) to (A2c) into
equation (A2d) yieIcls

-D’~+%v2(%+%)-’”’’’%‘A3)
But, from equations (A2d) to (A52f),

Hence equation (.43) reduces to

( )ZscrffVW_ ~
Ww+ l+ ———

cc D W

(A4)

(A5)

Equation (A5) is identicaI with equation (71) of reference 3
for a pIa.teunder compression in one direction.

Since the plate is simply supported on aU eclges, the de-
flection surface may be taken as

r-n-x
w= Asin —

Fysin —
h

(A6)
a

yielding the stability criterion

();+: ‘
k=

()l+r 1+$

(iii)

The value of m to be used in equation (A7j is that which
yieIds the Iowest value of k for given values of r and P.

Equations for eIastic buckling of infinitely long simply
supported sandwich plates under compression are obt&ned
by minimizing equation (A7) tith respect to 6}wL. This
procedure yieIds

R n-r\
m 4Wr
—=

I

(?-s 1) (A8}

k=&’ .
and

(A9)

The budding coefficient given by equation” (A9) corresponds
to faihre of the core material under the action of the core
shear forces.

Equations (.47) to (A9) are similar to equations (76),
(79), and (79a) of reference 3.

363
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. APPENDIXB

DERIVATION OF COMPRESSIVE BUCKLING EQUATION FOR SIMPLY SUPPORTED SOLID-CORE SANDWICH PLATES STRESSED

IN THE PLASTIC RANGE

When the faces of sandwich plates are stressedin the plastic
range, the buckling theory used in appendix A is no longer
applicable. The equations of equilibrium, equations (A2d)
to (A2f), remain unchanged but the deformation equations,
(A2a) to (A2c), must be modified to include plastic eflects.
This modification may be readily made by means of the plas-
tic buckling theory of reference 4 which is based on the
pIastic stress-strainrelations characteristic of the deformation
theory of plasticity. The stress-strain relations involve the
assumptions that the pIate material isisotropic and incom-
pressible and that no part of the pIate unIoads during
buckling.

Since in the sandwich plates considered in this report the
applied forces are assumed to be carried only by the faces and
the stresses arising from these forces are assumed to be
distributed uniformly across the thickness of the faces, the
bending and twisting moments are given by the equations,

~ t,(h,+tf)
M. = (tiffzu–da.) ~

.

MU =(c%vu - rsuv) ~
~ tf(h,+ tf)

~ tf(hc+tf)
M.,= – (ar,vu– &w ) z

@l)

where ~uz,&rti,?V=vare small variations of the average
stresses in the faces when buclding occurs from their values
before buckling. The superscripts Uand L refer to the upper
and lower faces, respectively. The positive direction .of JIzy
is taken in accordance with that given in reference 1 and is
the negative of that given in reference 2.

Expressions for the variations of the average stresses in
the faces may be obtained from the general treatment of
reference 2. For the case of a pIate compressed in the
x-direction, these equations are

8u==; Es
{[ : %%%’01+el+~6’—

(%wy+h)}
‘“~=$E’[(’+i’’)+(*)(’’+:’l)l
‘T”=:E’HWI

364

(B2)

where
61,C2,q variations of middle-surface strains
xl, x2, X3 parts of pIate bending ancl twisting curvatures

that cause stressesin the faces
20 coordinate of neutral surface of plate
The upper and lower signs refer to the upper and 10WCTfnces
of the plate, respectively.

The deformations due to vertical shear consist merely of
a sliding of the pIate cross sections with respect to onc an-
other and hence do not contribute to the face st.rcsses, TIIc
curvatures due to shear deflections t.hereforc must bc sub-
tracted from the total plate curvatures to give the c.urvat.urcs
used in equations (B2). Then, if the core is assumccl to bc
stressed in the elastic range,

“’2(%?%?)

“=%%%)

x3=;[~(g-&J+2(&&)]

033)

The substitution of equations (B2) ancl (B3) into ec~uat.ions
031) yields the moditled deformation cqu~tions

(B4)

Equations (B4) together with equations (AXI) to (A2f) of
appendix A constitute the six funclament,aIcliffcrcntial equa-
tions for pIasti& compressive buckling of soIid-core smd-
wich plates. Equations (A2cI) to (A2fi are

(B5)
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t~rdike the elastic buclding theory, the theory for pImtic

buck%g does not yielcl a singIe equation in the middle-
surface cleflection w. The number of equations necessary
for the determination of the compressive buckling load may
be reduced to three if equations (134) are substituted into
equations (B5), so that

}
(B6)

H3+a”=o- J

The conditions t-hatmust be satisfied at.the edges of a simpIy
supported sandwich pIa.tea_re

w=M==&=o (atx=O, a)

.=M,=g=o
}

(w)

(at y=O, b)
cc

Solutions of equations (B6) that satisfy these boundary
conditions are ““

Substitution of equations (B8) in equations (B6) yields the set of equations

(B8)

(B9)

Since Al, A,, aud As must have values other than zero, setting the determinant of the coefficients of Al, A2, and A3
equzd to zero yields the stability criterion

(BIo)

The pIastic compressive buckling load of infinitely Iong sandtich pl?tes may“ be obtained by minimizing equation
(B IO) with respect to 13/m. This procedure yieIcls

Equations (B1O) and (Bl 1) then determine the compressive buckling Ioad of infi.nit.eIylong sandwich plates. For any
given vaIues of the buckling stress and the shear stifbess parameters, equation (Bll) is used to fid the value of fl}m
that yields the miuimum ~alue of k’zl. This value of 13/-mis then substituted in equation (B1O) to determine k’,;.
If all the wdues of p/m given by equation &Ill) are imaginary; that. is, if

318>–—
4 C,* (B12)
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p/m~must be taken~equal to zero in equation (BIO), which
becomes .

k’vl=~ ---- -----
4s/3

(B13)

which- is~-identicalwith-equation (A9) if Poisson’s ratio is
taken”’equal to % in equation (A9).

If the buckling stress is in the elastic range, cl and # are
equal to unity and the equations for compressive buclding
of finite solid-core sandwich pktes rechmeto

().;+: ‘
k’=

()
1+;s 1+$

(3314)

and for compressive buckling of infinitely long sandwich
plates,

k’= 44 ,

()
1+3s

/~8 ““
B d‘3—= —-
m

1+:s

“( )3s~.
4

(B15)

and

k’=~-
4s/3

}
()

3&’>-
–4

:0
—.

Equations (B14) to (B16) are identical with
to (A9) if Poisson’s ratio in equations
to be %.
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